MATH1520 University Mathematics for Applications Spring 2021

Chapter 6: Application of Derivatives I

Learning Objectives:

(1) Apply L’'Hopital’s rule to find limits of indeterminate forms.

(2) Discuss increasing and decreasing functions.

(3) Define critical points and relative/absolute extrema of real functions of 1 variable.
(4) Use the first derivative test to study relative/absolute extrema of functions.

6.1 Limits of indeterminate forms and L’Hopital’s rule

Recall the Remark in the end of Section 2.4 regarding exceptional cases of limits, which can
not be computed using the algebraic rules of limits in Proposition 2, but the limits might still
exist. Limits of this type are said to be of indeterminate forms.
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6.1.1 Limits of indeterminate forms
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1. if lim f(z) = A, lin})g(x) = B #0, A, B € R, then by the quotient rule,
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2. if lim f(z) = liin g(x) =0 (+o0), then the quotient rule is not applicable. Limits of

r—a

. . . . 0
this type are said to be of indeterminate form type 3 or type %
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0
Theorem 6.1.1 (L’'Hopital’s rule for limits of types o’ ﬁ).
00

Let f(x), g(x) be differentiable and suppose that ¢'(x) # 0 near the point a.

If
lim f(z) = limg(x) =0 or lim f(x)= lim g(x) = +o0,

Tr—ra T—a T—a r—a

then
lim M = lim f(z)
—alg x) z—a g’(x)'

Remark. (a) An intuitive explanation: When f(a) =~ 0 ~ g(a),
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(b) The statement of the theorem still holds if “z — a” is replaced by “z — 4oc” or “z — a™”.

It also holds if lim, ., f(z) = Fo00 hm g( ) = Foo. (Use lim,_,, ggxg = —limg_q _g{fg)) and
f(iv) )

apply the theorem to lim,_,,

0
Example 6.1.1. Limits of type 9

1.
21 0
lim x3 (check condition 1: —)
z—1lg” — 1 0
. 2x .. e L 2
=lim — (check condition 2: this limit is =)
rz—1 3332 3
2
-3
Remark. Alternatively, use the “canceling common factors” trick in the previous chap-
ters.
2.
e’ —e 0
li the limit is of type —
i1 ¢ pe o)
eac
= lim —=%-
z—1 %$—§
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3.
In(1 )
lim 7n( j_ 2 ( =)
z—0t xT“ 0
1
_ Ita
=0+ 2%
= —I— O
Example 6.1.2. Limits of type —
OO
1.
—x+1 (type oo)
im —
z—+o00 22+ 3 yp o0
= lim —
T—-+00
_ 1
=3

Remark. The same result can be obtained by dividing both the numerator and the
denominator by z.
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1
= lim —2
z—+o00 nr"—

= lim —
z——+o00 nx"

=0.

Remark.

1. L’Hopital’s rule can NOT be applied for determinate form.

_ [r+1) 2 (+1) 1
orexampe M 2T 3 i @2y 1

2. 1f lim £.%)
z—a g’(x)

0
is still 0’ @’ then repeat L’'Hopital’s rule.
(0.}

3. L’Hopital’s rule can be used to justify the previous assertion that as © — oo, higher de-
gree polynomials “grows faster” than lower degree polynomials; exponential functions
grow faster than any polynomials; log functions grow slower than any polynomials.
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Exercise 6.1.1.

1ohm 2T g
z—1 Inx
n

2. lim = =0

Example 6.1.3. (Applying L’'Hopital’s rule twice.)

I er —e ™ —2x ( eg)
xlir%) 332 typ 0
X —x __ 2 . 0
= il_r}% et ;a: ( still of type 6)
et _ e
= lim
x—0 2

6.1.2 Other Indeterminate Forms: 0 - co, co — 0o, 0°, 1%, oo®

All these forms can be converted to forms of types 8 or 2.

Example 6.1.4. Type 0 - oo

lim (#lnz) (0 -o0)

z—0t
. Inx 00
= lim| —— (—)
r—0t = o0
X
1
= lim xl
rz—0Tt — 3
X
= lim (—=z)
z—0t
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Example 6.1.5. Type co — oo

= 1i I —
mi%l'*‘ $(6x — 1) (
e’ —1 L0
= lim [——— till —
:cg(gl+e~’0—1+3:ex (sti 0)
633

= lim/[———
z—0t eT + e* 4 xe®

Example 6.1.6. Types 1°°, 00", 0°

Trick: f9 =t = o f

So,

. 1 0
lim z=z =e” =1.
Tr——+00

1
lim (zf== (1%°)
z—1+

1
= lim emlnm
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So,

So,

6.2 Monotonicity of Functions and the First Derivative Test

6.2.1 Monotonicity: Increasing/Decreasing Functions

Definition 6.2.1. Let f(x) be a function defined on (a, b). Then

1. f(x) is increasing on the interval 1%@ w}ien/e\ier/xg\g 1.

()
2. f(z) is strictly increasing on the interval if f(x2) > f(z1) whenever zo > ;.
3. f(z) is decreasing on the interval if f(x2) < f(z1) whenever 3 < z7.

4. f(z)

x) is strictly decreasing on the interval if f(z2) < f(x) whenever z5 > x;.
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Caveat! The preceding definition is the mathematicians’ definition of increasing/decreasing
functions. However, some calculus texts define increasing/decreasing functions differently,
e.g. [Hoffmann et al.], where “increasing/descreasing functions” refer to the “strictly
increasing/descreasing functions” defined above.
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(a) f(x) is increasing ona <x < b

&) +————
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f(.x3)~————~|r——

|

|

T

a x X, b

(b) f(x) is decreasing ona < x < b

Theorem 6.2.1. Let f be a differentiable function on (a,b).
1. If f'(z) > 0 forall x € (a,b), then f(x) is an increasing function.
_
2. If fwor all z € (a,b), then f(x) is a strictly increasing function on (a,b).
3. If f'(x) <0 forall x € (a,b), then f(x) is a decreasing function.
(a,0) (z)

4. If f'(x) <0 forall z € (a,b), then f(x) is a strictly decreasing function on (a,b).

Negative
slopes

Positive
slopes

X { X
a b a b

(a) f(x)>0ona<x<b,
so f(x) is increasing.

‘el c‘dj
Example 6.2.1. Show that \f@f/e%:_x_—/‘l, is a strictly increasing function o‘nﬁ,’gg)./
(N
Solution. f'(x) =e*—1>1—1=0. So f(z) is a strictly increasing function. |
N 6/0

e
Remark. Because f(x) is a strictly increasing function, f(z) > f(0) =0 for z > 0, i.e.

(b) f(x)<0ona<x<b,
s0 f(x) i/Kdecreasin :

AN §

e’ > 14z, forz > 0.
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Procedure to determine intervals of increase/decrease of f

1. Find all ¢ such that f’(¢) = 0 or f’(¢) is undefined. Divide the line into several intervals.
2. For each intervals (a, b) obtained in the previous step.

(@) If f/(x) > 0, f(x) is a strictly increasing function (1) on (a, b).
(b) If f'(x) <0, f(x) is a decreasing function (}) on (a, b).

Example 6.2.2. Find the intervals in which the function
f(z) =223+ 322 —122 — 7

is strictly increasing/strictly decreasing.

Solution.
fl(2) =62 +6r—-12=6(x+2)(zr—1)=0 =2z=-21.

So we have 3 intervals: (—oo, —2), (=2, 1), (1, 00).

In(—o00,—1), z+1<0,2—1<0, so f'(x)>0.
In (—1,1), r+1>0,z—1<0, so f'(z)<0.
In(l,+c), z+1>0,2—1>0, so f'(x)>0.

x (—00,—2) | =2 | (=2,1) | 1| (1,400)
f(x) + 0 — 0 +
monotonicity T K 0

Figure 6.1: y = 223 + 322 — 122 — 7



